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two-term solution yields a fundamental frequency value
which is in very good agreement with the one obtained in
Refs. 6 and 7 (even the result obtained by means of a one-term
solution possesses good engineering accuracy).

Table 2 presents values of &0 for the linearly tapered beam
(a = (3 = l.2) rigidly clamped (<£' =0) for various axial force
parameters and mass ratios v = M/Mv. For p = 0 the results
are in good agreement with the frequency values available in
the open literature.8

Table 3 contains values of Q0 in the case of a structural
element with discontinuously varying cross section.

Judging from the accuracy attained in those cases where
exact values are available, it seems that the present approach
yields useful results when an engineering answer is needed. An
inherent advantage of the methodology is the fact that it can
be easily implemented on a desk computer.
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Parameters for the Simulation
of High Temperature Blown

Shock Layers
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Introduction

FOR the Galileo mission to Jupiter, the massive-ablation
injection rates (from the probe's forebody heat shield)

driven by radiative heating from the high-energy shock-layer
gases create a unique flowfield environment.1 Such an en-
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vironment is very difficult to simulate in a ground-based
experimental facility. Since all conditions can not be
duplicated, care must be taken in what quantities are
simulated in an experiment. Holden's2 recent work is one of
the few experiments applicable to the problem. In this study,
he attempted to duplicate a few of the aspects of the entry
environment for the stagnation region of the Galileo probe.
This work presented many interesting results on the structure
and stability of the shock layer over a hemispherical nose-tip
body at blowing rates of 0<pv vfw /p0 0w0 0 <0.7 using CF4 as
the principal injectant. Here, pw and p^ are the wall and
freestream values of the density, vw is the normal injection
velocity at the wall, and u^ is the freestream velocity. The
interpretation of Holden's results, however, requires an
analysis of the important parameters in a massively blown re-
entry flowfield. The present study explores the impact of the
ratios of injection-to-freestream velocity (vw/uw)9 wall-to-
freestream density (PW/PO, ) » and the shock-layer to ablation-
layer gas temperature ( T S / T W ) in simulating the high-
temperature blown shock layers. The roles played by these
ratios are considered quite important. For example, a larger
value of the injection velocity for a given injection rate implies
a greater boundary-layer thickness. This, in turn, would
entrain more of the high-temperature, radiating gases in the
outer portions of the shock layer. These gases would be
brought into the lower regions of the shock layer by turbulent
diffusion, resulting in higher temperatures close to the body
surface for a prescribed surface temperature. Similarly, using
a smaller outer shock layer to wall temperature ratio ( T S / T W )
would affect the boundary-layer thickness and entrainment
rate.

The purpose of this Note is to evaluate the importance of
the velocity, density, and temperature ratios outlined in the
previous paragraph. In order to keep the analysis simple, only
perfect-gas results'for a hydrogen-helium atmosphere are
obtained here.

Analysis
For the purpose of analysis, the time-dependent viscous-

shock-layer equations of motion3 for a perfect-gas mixture
for turbulent flow have been considered. With these equations
no-slip boundary conditions are used at the surface and the
wall temperature is assigned a constant value. The surface
mass injection rate is specified either as a constant value or
varied according to the distribution of Fig. 1. The boundary
conditions at the shock are calculated by using the shock
relations. A two-layer eddy-viscosity model4 consisting of an
inner law based upon Prandtl's mixing length concept and the
Clauser-Klebanoff expression for the outer law is used in the
present investigation.

The solutions to the governing equations have been ob-
tained by a time-asymptotic two-step finite-difference method
due to MacCormack.5 The details of the vectorized code are
given in Ref. 6 and the results have been obtained on the
CYBER 203 computer.

Results and Conclusions
As pointed out in the Introduction, the primary purpose of

this study is to evaluate the importance of velocity ( v w / u 0 0 ) ,
density (P^ /POO) , and shock-layer to ablation-layer gas
temperature ( T S / T W ) ratios for the simulation of high-energy
blown shock layers. In particular, the role played by these
parameters is studied as to their influence on the entrainment
of high-temperature outer region gases since this significantly
changes the chemical composition and temperature
distribution through the shock layer and, in turn, controls the
transport of radiative energy to the probe surface.

In this study, attention has been focussed on the spherical
portion of the probe. In order to obtain results over a large
part of the curved surface, the probe shape with a small half-
angle as shown in Fig. 2 has been studied. (Nomenclature used
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in Fig. 2 and subsequently follows that of Ref. 3. The
quantities with an asterisk denote dimensional values.) The
freestream conditions and other parameters employed in the
analysis have been taken from Ref. 2 and are as follows.

Mo, = 12
r*N = 0.1524 m

£= 6.267 x lO- 3 kg/m 3

Pr=0.72
/?*(gas constant) = 3464.292 J/kg K

Gas mixture: 0.80H2 +0.20He under perfect -gas assump-
tion

71 =20.85 K
7= 1.4 [Note that the value of 7 would be a little higher

for the gas mixture considered here at MOO = 12. For
the actual Jovian entry condition (which occurs at a
very high Mach number), however, the value of 7 to
be employed in a perfect -gas analysis would be lower
than 1.4 to simulate the correct shock standoff
distance.]

It may be mentioned that no direct comparison with the
measurements of Ref. 2 is intended here. Even though the
conditions of Ref. 2 are not far from the perfect -gas flowfield
assumption as used presently, the mass diffusion of the in-
jectants such as CF4 and N2 into the H2 + He shock layer has
not been accounted for adequately in the present analysis,
except through the density differentials obtained from the
employment of different wall temperatures. The relevance of
the present work, however, lies in the fact that it qualitatively
brings out the importance of certain parameters (pointed out
in the Introduction) for the simulation of high-temperature

blown shock layers and helps in the interpretation of results of
Ref. 2 for application to the Jovian entry environment. For
example, in the experiments of Ref. 2, the injection-to-
freestream velocity (vw/u(x>) and wall-to-freestream density
(Pw/Poo) ratios were varied from about 0.009 and 565 for
CF4 to 0.0023 and 218 for N2, respectively, for an injection
rate (m0) of 0.5 at the stagnation point. For the 310-kg probe
under peak-heating condition, however, the values of these
velocity and density ratios are3 about 0.004 and 1315,
respectively, at the stagnation point for m0«0.53. Further,
the ratio of shock-layer to ablation-layer gas temperatures is
about 4 as compared to the ratio of about 2 considered in Ref.
2. The roles played by the velocity, density, and the tem-
perature ratios listed here are considered quite important in
the simulation of high-energy entry flowfields. The sub-
sequent discussion qualitatively establishes these roles.

In order to simulate the entrainment rates corresponding to
heavier and lighter injectant gases, the calculations have also
been carried out for wall temperatures of 150 and 600 K,
respectively, in addition to a wall temperature of 300 K listed
earlier. These calculations further point out the role played by
the density ratio, pw/px • For example, the density ratio at 600
K would be smaller by a factor of 2 when compared to the one
at 300 K. For a given injection rate (m), this would have the
effect of doubling the injection-velocity ratio vw/u,x and,
thus, increasing the entrainment rate. Some calculations have
also been performed at M^^IT. This value of the Mach
number gives a value of 4 for the shock-layer-to-wall tem-
perature ratio ( T S / T W ) . This ratio has a value of about 2 at
MOO = 12. At MOO = 17, the only other variation in the values of
the flowfield parameters given earlier is Re = 3.94x 106. The
various computed results are displayed in Figs. 3 and 4.

Figure 3 shows the variations in the normal velocity,
temperature, and eddy-viscosity profiles for different values
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Fig. 1 Surface mass injection distribution for predicted Jupiter entry
(taken from Ref. 2).
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Fig. 3 Variation of the eddy viscosity, normal velocity, and tem-
perature profiles with different wall temperatures at s = 0.916.
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Fig. 2 Coordinate system and probe shape.
Fig. 4 Eddy viscosity, normal velocity, and temperature profiles for
MOO = 12 and 17 at s = 0.916.
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of the wall temperatures at M* = 12. For a perfect gas, these
temperature values simulate light-to-heavy gas injection at the
surface. It is seen from the normal velocity profiles that the
boundary-layer thickness would be larger with a lighter gas
injection (or, equivalently, with a smaller density ratio at the
wall). With the larger boundary-layer thickness, more of the
outer region high-temperature shock-layer gases are entrained
and brought into the lower region by turbulent diffusion. This
changes the temperature distribution through the shock layer
significantly, making the profiles fuller as compared to the
case with a heavier gas injection. This, for actual entry
conditions, affects the transport of radiative energy to the
probe surface. It may be mentioned here that, due to the
simulation of heavy-to-light gas injection through the
specification of different wall temperatures for a perfect gas,
the flow region near the wall is dominated by the specified
wall-temperature value. With the peaked surface injection,
the entrainment rates are smaller, the blown shock layer is
closer.to the surface, and the maximum temperature in the
shock layer is also smaller as compared to the uniform in-
jection case. The results presented are for the surface injection
rate (m0) of 0.1 at the axis of symmetry. The normalized
eddy-viscosity profiles of Fig. 3 also exhibit a character
consistent with the normal velocity and temperature profiles.
The maximum values of the eddy viscosity in the shock layer
are larger for smaller entrainment rates due to poor turbulent
diffusion.

Figure 4 contains results obtained for M^ = 17, T* = 300 K,
and uniform surface injection rate. These are compared with
the corresponding results for M^ = 12 at the same body
station (5 = 0.916) located at 52.5 deg from the stagnation line.
The normal velocity profiles suggest that, for a given value of
the surface-injection rate, there is a larger entrainment of the
shock-layer gases at the lower Mach number. This results in
larger mixing due to turbulent diffusion. The temperature and
eddy-viscosity profiles also show smaller gradients associated
with larger mixing for the smaller Mach number.

It is clear from the current results that injection mass flow
rate alone is not an adequate parameter to model the effects
of massive blowing. For a prescribed injection rate, the wall-
to-freestream density ratio (reflected through the wall-to-
freestream temperature ratio), the injection velocity ratio, and
the shock-layer-to-wall temperature ratio play important roles
in establishing the entrainment of shock-layer gases. These, in
turn, specify the mixing by turbulent diffusion and tem-
perature levels through the shock layer. Thus, through the
employment of nonrepresentative values of these parameters,
wrong chemical composition and temperature distributions
may be obtained and the transport of radiative energy to the
surface could be simulated wrongly for the actual probe.
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